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A primordial magnetic field (PMF) present before recombination can leave specific signatures on
the cosmic microwave background (CMB) fluctuations. Of particular importance is its contribution to the
B-mode polarization power spectrum. Indeed, vortical modes sourced by the PMF can dominate the
B-mode power spectrum on small scales, as they survive damping up to a small fraction of the Silk length.
Therefore, measurements of the B-mode polarization at high l, such as the one recently performed by the
South Pole Telescope (SPT), have the potential to provide stringent constraints on the PMF. We use the
publicly released SPT B-mode polarization spectrum, along with the temperature and polarization data
from the Planck satellite, to derive constraints on the magnitude, the spectral index and the energy scale at
which the PMF was generated. We find that, while Planck data constrains the magnetic amplitude to
B1 Mpc < 3.3 nG at the 95% confidence level (C.L.), the SPT measurement improves the constraint to
B1 Mpc < 1.5 nG. The magnetic spectral index, nB, and the time of the generation of the PMF are
unconstrained. For a nearly scale-invariant PMF, predicted by the simplest inflationary magnetogenesis
models, the bound from Planckþ SPT is B1 Mpc < 1.2 nG at 95% C.L. For PMF with nB ¼ 2, which is
expected for fields generated in post-inflationary phase transitions, the 95% C.L. bound is
B1 Mpc < 0.002 nG, corresponding to the magnetic fraction of the radiation density ΩBγ < 10−3 or the
effective field Beff < 100 nG. The patches for the Boltzmann code CAMB and the Markov chain
Monte Carlo engine COSMOMC, incorporating the PMF effects on CMB, are made publicly available.
DOI: 10.1103/PhysRevD.95.063506
I. INTRODUCTION
Magnetic fields exist in practically all gravitationally
bound cosmic structures. They are seen in galaxies, with
strengths of a few μG and coherent over the extent of the
galaxy, and in galaxy clusters, where they are of similar
strength and extend well beyond the core regions [1]. There
is also preliminary evidence of magnetic fields coherent
on Mpc scales permeating the intercluster space [2,3]. The
origin of the observed magnetic fields is not fully
understood. The alignment of the galactic magnetic fields
with the galactic disc planes suggests that they could be
amplified via a dynamo process. However, the efficiency of
the dynamo and the required strength of the initial seed
field are still debated. Observations of μG strength fields in
galaxies at redshifts z > 2 [4] add to the problem, as in such
cases the dynamo would have only a short time to operate
and would require a seed field as large as 10−11 gauss [5].
Mechanisms for generation of cosmic magnetic fields can
be broadly divided into astrophysical and primordial. The
proposed astrophysical scenarios include induction of fields
at recombination [6] or reionization [7], either via the
Biermann battery effect [8] or photoionization [9–11], or
the combination of both [12]. In primordial scenarios, on the
other hand, magnetic fields are produced in the very early
Universe, e.g. during inflation [13,14], preheating [15,16] or
in phase transitions [17], and subsequently survive in a
frozen-in state until the epoch of structure formation and
collapse with the matter to seed the galactic fields. In
particular, if the primordial magnetic field (PMF) was of
nano-gauss (nG) strength (in comoving units) and coherent
over a comoving region of 1Mpc, therewould be no need for
a galactic dynamo, as the compression of the PMFwithin the
protogalactic halos would naturally produce μG strength
fields.
PMFs could be produced at several epochs in the early
Universe, including during and at the end of inflation, as
well as in the electroweak and the QCD phase transitions.
While the resultant PMFs tend to be of very small strengths,
the understanding of the details of the PMF generation and
its subsequent evolution is by no means complete [18].
Regardless of whether a PMF ends up being necessary for
solving the galactic field problem, constraining it provides
an observational handle for exploring fundamental physics
in the very early Universe.
The cleanest window into the pre-recombination
Universe is provided by the observations of the cosmic
microwave background (CMB). A PMF contributes to
CMB anisotropies through metric perturbation sourced
by its stress-energy tensor and through the Lorentz force
felt by the baryons in the plasma [19–23]. In particular, the
rotational (divergence-free) component of the velocity
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associated with the Lorentz force (the Alfvén mode) can
cause dominant B-type polarization anisotropies that
survive the small-scale damping well below the Silk scale
[24–28]. The PMF also modifies the ionization history of
the Universe [29,30], affecting the optical depth to the last
scattering, although there are remaining uncertainties in
modeling it [31]. Other effects of the PMF on the CMB
include Faraday rotation [32–34] and spectral distortions
[35] which are not well constrained by existing observa-
tions but are promising as future probes of the PMF.
The specific signatures imprinted by the PMF in the
CMB spectra would carry valuable clues about its origin.
For example, a PMF produced in a post-inflationary phase
transition [17] or during preheating [15,16] would have
most of its power concentrated near the cutoff scale set by
the plasma conductivity [36–38] and could only affect the
smallest CMB scales. On the other hand, the originally
proposed inflationary models of magnetogenesis [13,14]
predict a scale-invariant magnetic field, contributing to all
observable CMB scales.
The analysis of the 2015 Planck data [39] performed in
Ref. [40] limits the magnetic field strength smoothed over
1 Mpc to B1 Mpc < 4.4 nG at the 95% confidence level
(C.L.), with the bound becoming stronger if a particular
PMF spectrum is assumed. Prior to that, a bound of
B1 Mpc < 3.5 nG at the 95% C.L. was obtained in
Ref. [41] from the combination of the 7-year WMAP data
[42] and the high-l temperature anisotropy spectrum from
the South Pole Telescope (SPT) [43]. More recently, a
comparable bound of B1 Mpc < 3.9 nG was derived by the
POLARBEAR Collaboration [44] based on their measure-
ment of the B-mode polarization spectrum. This demon-
strated the potential of the high l B-mode measurements
for constraining the PMF. Indeed, as we will show in this
paper, adding the latest B-mode measurements by the SPT
[45] significantly improves on the PMF bounds derived
from the Planck data alone.
The paper is organized as follows. In Sec. II we discuss
how nonhelical primordial magnetic fields affect the CMB
power spectra, in temperature and polarization. In Sec. III,
we derive constraints on the PMF from Planck and SPT.
We conclude with a discussion in Sec. IV.
II. THE PMF CONTRIBUTIONS
TO THE CMB SPECTRA
The impact of PMFs on CMB anisotropies has been
studied in detail in Refs. [19–23]. For the sake of
completeness, we review the main points below. We will
neglect effects associated with the Faraday rotation of CMB
polarization as the Planck and the SPT data that we
consider in this paper are unable to constrain them well.
We consider CMB fluctuations sourced by a stochastic
magnetic field generated at a time τB in the early Universe
before the time τν of neutrino decoupling. We restrict our
treatment to linear order in perturbation theory at which the
backreaction of gravity on the PMF is ignored. We also
assume that the unperturbed Universe is spatially flat.
The ideal magnetohydrodynamic (MHD) limit holds to a
good approximation on relevant scales in the highly
conducting primeval plasma of the early Universe. In this
limit, the PMF is frozen in the plasma, and evolves
according to Bðx; τÞ ¼ Bðx; τ0Þ=a2ðτÞ (see Ref. [46] for
a review), where B is the magnetic field strength, τ0
denotes the present conformal time and a is the scale
factor normalized to aðτ0Þ ¼ 1. Conventionally, bounds on
cosmological magnetic fields are quoted in terms of the
“comoving” field strength Bðx; τ0Þ. The electric field
vanishes in the plasma in the MHD limit and, therefore,
the energy-momentum tensor associated with the PMF can
be written as [23]
T0B0ðx; τÞ ¼ −
1
8πa4
B2ðxÞ≡ −ργΔB;
TiBjðx; τÞ ¼
1
4πa4

1
2
B2ðxÞδij − BiðxÞBjðxÞ

≡ pγðΔBδij þ ΠiBjÞ; ð1Þ
where BiðxÞ ¼ Biðx; τ0Þ, ργ and pγ ¼ ργ=3 are the photon
density and pressure, ΔB is the magnetic contribution to the
radiation density contrast and ΠiBj is the dimensionless
anisotropic stress. Note that we assume the absence of a
homogeneous magnetic field at the background level, as it
would break the isotropy of the Universe and has already
been strongly constrained by the CMB [47,48]. The
traceless symmetric tensor ΠiBj in Eq. (1), can be decom-
posed into its scalar (S), vector (V) and tensor (T)
components [49]. We therefore expect the PMF to source
all metric perturbation modes, including gravitational
waves. In Fourier space, the decomposition of ΠiBj reads
ΠiBjðk; τÞeik·x ¼ ΠiðSÞBj þ ΠiðVÞBj þ ΠiðTÞBj ; ð2Þ
with the components given by
ΠðSÞBij ¼ Πð0ÞB Qð0Þij ; ð3Þ
ΠðVÞBij ¼ Πðþ1ÞB Qðþ1Þij þ Πð−1ÞB Qð−1Þij ; ð4Þ
ΠðTÞBij ¼ Πðþ2ÞB Qðþ2Þij þ Πð−2ÞB Qð−2Þij ; ð5Þ
where Qð0Þij ¼ −ðkˆikˆj − 1=3δijÞ exp ðik · xÞ, Qð1Þij ¼
ikˆðiejÞ exp ðik · xÞ and Qð2Þij ¼ eð2Þij exp ðik · xÞ are,
respectively, the scalar, vector and tensor harmonic
functions [49,50]. Here, eðÞ ¼ −i= ﬃﬃﬃ2p ðe1  ie2Þ, e1;2
are the unit vectors orthogonal to the wave vector k
and eð2Þij ¼
ﬃﬃﬃﬃﬃﬃﬃ
3=2
p
eðÞi e
ðÞ
j .
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We model the PMF as a statistically isotropic Gaussian
distributed random field with the Fourier space two-point
correlation given by
hBiðkÞBjðk0Þi ¼ ð2πÞ3δð3Þðk − k0ÞPijPBðkÞ; ð6Þ
where Pij ¼ δij − kˆikˆj, and we neglect the helical contri-
bution. In the special case of a maximally helical PMF, the
effect of helicity on the parity-even CMB spectra (TT, TE,
EE and BB) has been shown to be degenerate with a
reduction in the overall normalization [51–53], leading to
bounds on B1 Mpc that are weaker by about 25% [40].
Because of this, adding new unknown parameters to our
analysis is not justified. We note, however, that helical
fields also generate parity-odd spectra of EB and TB type
[51–53], which could help in breaking the degeneracy with
future CMB data.
We take the magnetic power spectrum to be a power law,
PBðkÞ ¼ S0knB ð7Þ
for k < kD, and zero otherwise. Here, nB is the spectral
index, which depends on the mechanism that generates the
PMF, and 2π=kD is a damping scale below which magnetic
fields dissipate due to radiation viscosity [24,36]. The
damping scale depends on the amplitude and the spectral
index of the PMF spectrum as [19,24,40]
kD
Mpc−1
¼

5.5 × 104h

Bλ
nG

−2

2π
λ=Mpc

nBþ3 Ωbh2
0.022
 1
nBþ5;
ð8Þ
whereΩb is the baryon density fraction and h is the reduced
Hubble constant, H0 ¼ 100h km=ðsMpcÞ. We follow the
convention in the literature and present the constraints on
the PMF amplitude in terms of the smoothed amplitude Bλ,
obtained by smoothing the magnetic energy density with a
Gaussian filter over a comoving wavelength λ,
B2λ ¼
1
ð2πÞ3
Z
∞
0
d3ke−k
2λ2PBðkÞ
¼ 2S0ð2πÞ2
1
λnBþ3
Γ

nB þ 3
2

; ð9Þ
with λ ¼ 1 Mpc. An alternative way of quantifying the
amplitude of the PMF is in terms of its contribution to the
radiation energy density, given by
EB ¼
1
ð2πÞ3
Z
kD
0
dkk2PBðkÞ: ð10Þ
One can then define the effective magnetic field strength as
Beff ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8πEB
p
, and the magnetic fraction of the radiation
density as ΩBγ ¼ EB=ργ where ργ is the total radiation
energy density. The relations between Beff , Bλ and ΩBγ are
given by [19,34]
Beff ¼
BλðkDλÞ
nBþ3
2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ΓððnB þ 5Þ=2Þ
p ¼ 3.3 × 103 ﬃﬃﬃﬃﬃﬃﬃﬃΩBγp nG: ð11Þ
Note that, since the stress energy of the PMF is quadratic
in B, the magnetic contributions to CMB anisotropies have
a non-Gaussian statistics. The two-point correlation func-
tions of the magnetic energy-momentum tensor compo-
nents ΔB and Π
ð0;1;2Þ
B are derived from Eq. (6). We show
them in Appendix A.
A. Magnetic modes
In solving the system of Boltzmann and Einstein
equations, one needs to set the initial conditions for the
scalar, vector and tensor modes. In Boltzmann codes, such
as CAMB, they are set on superhorizon scales, kτ ≪ 1, and
well after the neutrino decoupling, i.e. at τ ≫ τν. After
neutrinos decouple from photons, which happens at ener-
gies below 1 MeV, they free stream and can develop a
nonzero anisotropic stress that compensates the anisotropic
stress of the PMF. However, at τ < τν, neutrinos are bound
in a tightly coupled fluid with photons and baryons and are
unable to compensate for the magnetic anisotropic stress,
which then acts as a source of adiabatic scalar and tensor
mode perturbations [20]. The latter are usually assumed to
be uncorrelated with the adiabatic fluctuations generated
by inflation and are treated as separate passive magnetic
modes [20,23]. After the neutrino decoupling, PMFs
generate isocurvature type perturbations, in which the
neutrino anisotropic stress compensates the anisotropic
stress of the PMF, known as the compensated modes
[21,54,55]. It was also realized that, for PMFs generated
during inflation, there is another adiabatic mode known as
the magnetic inflationary mode [56]. However, its ampli-
tude is strongly model dependent and, in order to keep our
approach as model independent as possible, we restrict our
analysis to PMFs generated after inflation, and consider the
passive and compensated modes only.
The amplitude of the adiabatic scalar mode is set by the
comoving curvature perturbation ζ which, in the absence of
a PMF, is conserved on super-Hubble scales. However, as
mentioned above, a PMF present before neutrino decou-
pling would source the growth of ζ [20]. When neutrinos
decouple, their anisotropic stress rapidly grows to com-
pensate the anisotropic stress of the PMF. When the
compensation is effective, ζ stops growing, having reached
the final value [20,23]
ζ ¼ ζðτBÞ −
1
3
RγΠ
ð0Þ
B

lnðτν=τBÞ þ

5
8Rν
− 1

; ð12Þ
where ζðτBÞ is the comoving curvature perturbation at the
time τB, after inflation, at which the PMF was generated.
CONSTRAINTS ON PRIMORDIAL MAGNETIC FIELDS … PHYSICAL REVIEW D 95, 063506 (2017)
063506-3
What is commonly referred to as the scalar passive mode, is
the part of the adiabatic mode associated with the growth of
ζ, proportional to lnðτν=τBÞ, and its power spectrum is
proportional to hΠð0ÞB Πð0ÞB i [20,23].
The compensated scalar modes start being actively
sourced by the PMF after neutrino decoupling. There are
two such modes, sourced by ΔB and Π
ð0Þ
B , with power
spectra proportional to hΔBΔBi and hΠð0ÞB Πð0ÞB i respec-
tively. The two scalar compensated modes are not inde-
pendent, as the correlation hΔBΠð0ÞB i does not vanish.
Since vector perturbations rapidly decay if not contin-
uously sourced, there are no passive vector modes. The
only regular solution for the vector part of the Einstein-
Boltzmann system, with a PMF as an active source, is a
compensated mode for which the anisotropic stress Πð1ÞB is
compensated by Πð1Þν .
Tensor modes, like scalar modes, have both passive and
compensated modes. Before neutrino decoupling, Πð2ÞB
sources the tensor perturbation, generating the tensor
passive mode proportional to lnðτν=τBÞ. After neutrino
decoupling, the anisotropic stress of the PMF is compen-
sated, leading to the tensor compensated mode. The latter
are entirely negligible compared to other modes [20,23]
and can be safely neglected when deriving CMB bounds on
the PMF.
In Fig. 1 we show contributions of the magnetic modes to
the CMB spectra for a PMF with B1 Mpc ¼ 4.5 nG, nB ¼
−2.9 and β ¼ log10ðτν=τBÞ ¼ 17, corresponding to the
PMF generation energy scale of 1014 GeV. In addition,
in Fig. 2, we show the vector mode contribution to BB for
different values of the spectral index, which is represen-
tative of the way all CMB spectra vary with nB. Note the
change in the dependence on nB that occurs at nB ¼ −1.5.
In the −3 < nB < −1.5 range, the magnetic power spec-
trum is dominated by the power k2nBþ6 [23], and an in-
crease in nB causes a shift of power from lower to higher l.
This reduces the CMB anisotropy power on scales within
FIG. 1. Contributions of relevant “magnetic”modes to the CMB temperature and polarization power spectra for a PMF with B1 Mpc ¼
4.5 nG and nB ¼ −2.9. For the passive modes, the time of the generation of the PMF is set at β ¼ log10ðτν=τBÞ ¼ 17. The cosmological
parameters are set to ωb ¼ 0.0226, ωc ¼ 0.112, TCMB ¼ 2.7255 K, h ¼ 0.7, As ¼ 2.1 × 10−9, ns ¼ 0.96, r ¼ 0.1, nT ¼ 1. The same
parameters were used in Fig. 3 of Ref. [40]. Tensor compensated modes are negligible and are not shown.
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the observational window. In contrast, for nB ≥ −1.5, the
magnetic power spectrum is dominated by the power k31
and the CMB power spectrum becomes independent on nB.
In that regime, larger values of nB lead to more CMB power
for the same PMF strength on a 1 Mpc scale.
The contribution of the magnetic vector mode to the
B-mode polarization power spectrum, can be well con-
strained by the current and future CMB experiments
capable of detecting the B-modes from weak lensing.
As illustrated in Fig. 3, the large-l measurements of the
B-mode polarization performed by the SPT can place
competitive bounds on the amplitude of the PMF. In fact,
as shown later in the paper, they significantly reduce the
upper bound obtained from Planck.
B. Magnetic patches for CAMB and COSMOMC
We developed a patch2 for the publicly available
Boltzmann code CAMB [58]. The main features are briefly
summarized below, while the details of the implementation
will be explained elsewhere [59].
We introduce the effects of the PMF into the Einstein and
Boltzmann equations closely following the formalism of
Ref. [23] and the associated code by Shaw and Lewis (SL).
Among the notable improvements with respect to SL is
making the code compatible with COSMOMC and extend-
ing the allowed range of the magnetic spectral index to
values nB ≥ −1.5. We recalculated the integrals involved in
the correlation functions of the magnetic perturbations ΔB
and Πð0;1;2ÞB . The upper integration bound of the integrals is
the ratio kD=k. We confirmed that, for−3 < nB < −1.5, the
integrals depend weakly on kD=k. Since the k modes
involved in the computation of the CMB power spectra
are much smaller than the damping scale kD, we computed
the integrals in the approximate limit kD=k→ ∞. For
arbitrary nB in that range, we interpolate on a grid of
precomputed integrals. For nB ≥ −1.5, the integrals depend
strongly on the upper integration bound kD=k. Since for
arbitrary nB and k the integrals involve the hypergeometric
function, we sampled the integrals and computed a set of
fitting functions for each correlation function as in Ref. [57].
We also have extended the latest version of the
COSMOMC code [60] to include the contributions of
the scalar, vector and tensor compensated and passive
magnetic modes.3
III. BOUNDS ON PMF FROM CURRENT
CMB DATA
We use the measurements of the CMB anisotropies
power spectra by the Planck satellite [61] and the mea-
surements of the CMB B-mode polarization by the SPT
[45] to constrain the amplitude, the spectral index and the
time of generation of the primordial magnetic fields.
For Planck, we use the joint TT, TE, EE and BB
likelihood in the range 2 < l < 29, denoted as
LOWTEB, together with the high-l temperature likelihood
in the range 30 < l < 2508, simply denoted as TT. We also
consider the case in which the TT likelihood is replaced
FIG. 2. The B-mode spectrum from the PMF vector mode with
B1 Mpc ¼ 4.5 nG and different values of the spectral index nB.
The dotted line shows the lensing contribution.
FIG. 3. The B-mode spectrum from the PMF vector mode
added to the lensing contribution (solid black line) for B1 Mpc ¼
4.5 nG (dashed line), B1 Mpc ¼ 3.3 nG (dot-dashed line) and
B1 Mpc ¼ 1.8 nG (dotted line), with nB ¼ −2.9. The three SPT
bandpowers are shown in orange, red and purple.
1As we describe in the next section, we use a set of
fitting functions to compute the magnetic power spectra
Pðk; nBÞ for nB ≥ −1.5 [57]. On relevant CMB scales,
the magnetic spectra vary as k3, independently of nB.2The patch is publicly available at https://alexzucca90.github
.io/MagCAMB/.
3The patch is publicly available at https://github.com/
alexzucca90/MagCosmoMC.
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with the joint TT, TE and EE polarization likelihood
(denoted as TTTEEE). We also perform the analysis with
and without using the likelihood from the BICEP2/Keck-
Planck (BKP) cross correlation analysis [62].
The SPT likelihood [45,63] is a multivariate Gaussian
likelihood and uses three bandpowers from the 95 GHz×
95 GHz, 95 GHz × 150 GHz and 150 GHz × 150 GHz
spectra. It also takes into account the contributions to
B-modes from the dust emission within our Galaxy and
from the polarized emission from extragalactic sources.
The dust emission is modeled according to Eq. (21) in
Ref. [45] and is scaled by an overall dust emission
amplitude Adust [64]. The extragalactic sources are modeled
through a constantCl termwith different amplitudes for each
bandpower, APS;95, APS;95×150 and APS;150. These nuisance
parameters are marginalized over using priors shown in
Table I.We have extended the SPT likelihood code to include
the contributions of the PMF to the CMB B-modes.
We assume a flat universe and, as in Ref. [40], restrict our
analysis to three massless neutrinos. We also assume that
the primary (inflationary) and the passive and compensated
magnetic modes are uncorrelated, so that their contribu-
tions to the CMB spectra can be calculated separately and
simply added as
Ctheorl ¼ Cpriml þ Cpassl þ Ccompl : ð13Þ
A scenario with correlated inflationary and magnetic modes
has been discussed in Ref. [65] in a context of a specific
model. We account for the effect of weak lensing by
large-scale structure on the primary mode only, and we
marginalize over astrophysical residuals [40,61].
The pivot Fourier number for the primary primordial
spectrum is set to k ¼ 0.05 Mpc−1, while the magnetic
smoothing scale is set to λ ¼ 1 Mpc. We vary the baryon
density ωb ¼ Ωbh2, the cold dark matter density
ωc ¼ Ωch2, the reionization optical depth τreion, the ratio
of the sound horizon to the angular diameter distance at
decoupling θ, and the amplitude As and the spectral index
ns of the primary primordial spectrum of curvature per-
turbations. We also vary the additional magnetic parameters
B1 Mpc, nB and β ¼ log10ðτν=τBÞ. The priors assumed on
the parameters are given in Table II.
As can be seen from Fig. 1, for nearly scale-invariant
PMFs, the passive tensor magnetic mode is similar in shape
to the primary (inflationary) tensor mode, with an
amplitude that depends on the time of the generation of
the PMF, β ¼ log10ðτν=τBÞ. To address a potential degen-
eracy between the tensor-to-scalar ratio r ¼ AT=As and β,
we consider the cases with a fixed r ¼ 0, as well as with
covarying the two parameters.
A. Constraints from Planck data
To derive constraints on the PMF from Planck, we use
the Planck likelihood code described in detail in
Ref. [61]. A thorough analysis has already been con-
ducted by the Planck Collaboration in Ref. [40]. Since
scalar passive modes are not supposed to contribute
significantly to the magnetic signals in the CMB
(as shown in Sec. II), the authors of Ref. [40] included
them only in the special case of a nearly scale-invariant
PMF with nB ¼ −2.9. Conversely, we include scalar
passive modes throughout our analysis for the sake of
completeness.
Figure 4 shows the marginalized probability distribution
function (PDF) for B1 Mpc derived from Planck data. The
figure only shows the case with r ¼ 0, since the PDF in the
case of covaried r was essentially the same. The 95% C.L.
bounds on B1 Mpc are summarized in Table III, including
the case with covaried r.
The magnetic spectral index nB and the PMF generation
epoch parameter β are unconstrained. We discuss these
parameters in more detail in the next subsection.
B. Constraints from Planck combined with SPT
Combining Planck with the B-mode polarization spec-
trum from SPT significantly tightens the bounds on the
PMF, because of the contribution of the PMF vector modes,
as illustrated in Fig. 3. We perform the analysis using the
SPT likelihood and the Planck LOWTEB and TTTEEE
likelihoods, referring to the combination of them as Planck
for simplicity. We do not include the BKP data, after the
analysis in the previous subsection confirmed that it does
not affect the bounds on the PMF.
TABLE I. Priors on the nuisance parameters used in the SPT
likelihood described in Sec. III B.
Parameter Prior
Adust…:: [0.0, 2.5] Gaussian
APS;95…:: [0.0, 4.0] flat
APS;95×150…:: [0.0, 4.0] flat
APS;150…:: [0.04.0] flat
TABLE II. Priors on the parameters varied in the Markov chain
Monte Carlo analysis. We performed the analysis separately with
the uniform and logarithmic priors on B1 Mpc.
Parameter Flat Prior
ωb…………:: [0.005, 0.1]
ωc…………:: [0.001, 0.99]
τreion………:: [0.01, 0.8]
θ…………… [0.5, 10]
lnð1010AsÞ…… [2, 4]
ns [0.8, 1.2]
r…………:: [0, 2]
B1 Mpc………: [0, 10]
log10ðB1 Mpc=nGÞ ½−5; 1
β ¼ log10ðτν=τBÞ [4, 17]
nB…………:: ½−2.9; 3
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In Fig. 5, we show the joint probability for the magnetic
amplitude B1 Mpc and the magnetic index nB from Planck
alone and after combining Planck with SPT. The two
parameters are correlated, with the bound on B1 Mpc
becoming weaker with increasing nB in the −3 < nB <
−1.5 range, and stronger for nB > −1.5. This is due to the
qualitative change in the dependence of the CMB spectra
on the magnetic power spectrum that occurs at nB ¼ −1.5.
Namely, as illustrated in Fig. 1, an increase in nB results in
a shift of power from lower to higher l, reducing the
CMB power on scales inside the observational window
and thus allowing for larger PMF strengths. In contrast, for
nB > −1.5, the shapes of the CMB spectra are cutoff
dominated, with larger nB resulting in more CMB power
for the same PMF strength on a 1 Mpc scale, leading to
tighter constraints on B1 Mpc.
Figure 5 separately shows the cases with a uniform
(left panel) and the logarithmic (right panel) priors on
B1 Mpc. As expected, the apparent upper bound on nB,
present in the case of the uniform prior and also observed
in Ref. [40], is not physical and disappears in the case of
the logarithmic prior. Indeed, there cannot be a bound on
the spectral index of the PMF spectrum without a
positive detection of the amplitude. The PDFs for the
amplitude B1 Mpc, after marginalizing over nB, are shown
in Fig. 6.
Two values of nB are of particular theoretical interest.
The first and simplest models of inflationary magneto-
genesis [13,14] predict a nearly scale-invariant PMF with
nB ≈ −3. The combined bound from Planck and SPTon the
FIG. 5. Left panel: The joint probability for the magnetic amplitude B1 Mpc and the magnetic index nB using a uniform prior on B1 Mpc.
Right panel: The joint probability for B1 Mpc and nB using a uniform prior on log10ðB1 Mpc=nGÞ. The two shaded regions represent the
68% and 95% C.L. respectively. The apparent bound on nB in the left panel disappears when using the logarithmic prior, as shown in the
right panel. Note that the 68% C.L “islands” appearing in both panels for B1 Mpc are numerical artifacts due to the low sensitivity of
the likelihood to small values of the PMF amplitude.
TABLE III. Upper bounds (95% C.L.) for the PMF amplitude
B1 Mpc obtained from the combination of Planck data sets
described in Sec. III A. The magnetic spectral index nB and
the PMF generation epoch parameter β are unconstrained.
Data sets B1 Mpc=nG
LOWTEB+TT, r ¼ 0…………… <3.3
LOWTEB+TT, r free …………… <3.3
LOWTEB+TTTEEE, r ¼ 0……:: <3.2
LOWTEB+TTTEEE, r free …….. <3.2
LOWTEB+TTTEEE+BKP, r ¼ 0 <3.3
LOWTEB+TTTEEE+BKP, r free <3.3
FIG. 4. The probability distribution function for the magnetic
amplitude B1 Mpc from the Planck data sets described in Sec. III
A. We show only the case with r ¼ 0 since varying r does not
affect the results.
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nearly scale-invariant PMF (nB ¼ −2.9)4 is B1 Mpc ≈ Beff <
1.2 nG at 95% C.L. The corresponding bound from Planck
alone is 2.0 nG, in agreement with Ref. [40].
The PMFs generated during preheating [15,16] or in
post-inflationary phase transitions [17] have small coher-
ence lengths and are uncorrelated on cosmological scales.
Causality forces the spectra of such fields to have nB ¼ 2
on scales of relevance to CMB anisotropies [36–38]. For
such fields, we find B1 Mpc < 0.002 nG at 95% C.L.
However, since most of the power of the causally generated
PMFs is concentrated near the cutoff scale 2π=kD ≪ 1Mpc,
using B1 Mpc to quantify their amplitude can be misleading.
Instead, it is more appropriate to use ΩBγ or Beff, which are
representative of the total PMF energy density [34,66,67].
Using the conversion in Eq. (11), we derive ΩBγ < 10−3 or
Beff < 100 nG at 95% C.L. For reference, big bang
nucleosynthesis constrains the magnetic fraction to be
ΩBγ ≲ 0.1 [68–71].
Constraints on the PMF strength after marginalizing over
nB, as well as for the two special cases of theoretical
interest, are summarized in Table IV.
The joint probabilities for r and β ¼ log10ðτν=τBÞ, after
marginalizing over other parameters, are shown in Fig. 7. It
is evident that there is no degeneracy between them and that
the time of the generation of the PMF is not constrained by
data. This is because the contribution of the passive scalar
and tensor modes to TT, TE and EE are too small even for
the maximum allowed value of β ¼ 17. As one can see
from Fig. 1, the passive tensor mode is comparable in
amplitude to the primary TT at low l when B1 Mpc ¼
4.5 nG and β ¼ 17. For smaller values of β, even higher
PMF strengths would be required for the passive tensor
mode to be relevant. Such high values of PMF are not
allowed because of the PMF vector mode contribution to
TTat high l. Any remaining weak sensitivity to β is further
diluted by degeneracies with As, ns and τreion. Thus, the
passive tensor mode contribution to TT at low l is
irrelevant for the strengths of PMF allowed by TT at
high l. The scalar passive mode is even less irrelevant,
as evident from Fig. 1. Note that adding the BPK B-mode
data does not make a big difference because of large
uncertainties at l where the contribution from the passive
tensor mode is prominent. Adding the SPT data does not
help in constraining β either, because SPT only constrains
the vector mode contribution to BB and does not add
information on scales relevant to the passive tensor
mode.
The role of the astrophysical residuals included in the
Planck and SPT likelihoods is discussed in Appendix B.
FIG. 6. The marginalized PDFs for the magnetic amplitude
B1 Mpc from Planck and the combination of Planck and SPT. We
only show the PDFs obtained with r ¼ 0, as the case with
covarying r is essentially the same. We also show the PDFs for
the nearly scale-invariant case, nB ¼ −2.9.
FIG. 7. The joint probability for the scalar-to-tensor ratio r and
the time of generation of the PMF log10ðτν=τBÞ. The two shaded
regions represent the 68% and 95% C.L., respectively.
TABLE IV. Upper bounds (95% C.L.) on the PMF amplitude
B1 Mpc, the effective PMF strength Beff and the magnetic density
fraction ΩBγ obtained from Planck and SPT.
B1 Mpc=nG Beff=nG ΩBγ
nB marginalized <1.5 n=a n=a
nB ¼ −2.9 <1.2 <1.2 <1.4 × 10−7
nB ¼ 2 <0.002 <100 <10−3
4To avoid divergent integrals, we restrict our analysis to
nB ≥ −2.9. We also note that the dependence on the
smoothing scale disappears and B1 Mpc ¼ Beff for scale-invariant
fields.
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IV. SUMMARY AND DISCUSSION
We have derived the bound on the strength of the
primordial magnetic field from the SPT CMB B-mode
polarization measurements in combination with the
CMB temperature and polarization data from Planck.
Adding the SPT information significantly tightens the
bound, as it constrains the PMF vector mode contribution
to B-modes at l ∼ 1000. Specifically, adding the SPT data
reduces the 95% C.L. bound on B1 Mpc, after marginalizing
over the magnetic spectral index nB, from 3.3 to 1.5 nG. For
a nearly scale-invariant PMF with nB ¼ −2.9, the bound is
reduced from 2 to 1.2 nG. The effective strength of a PMF
generated in post-inflationary phase transitions, with
nB ¼ 2, is constrained to Beff < 100 nG, corresponding
to ΩBγ < 10−3, or B1 Mpc < 0.002 nG, at 95% C.L.
Our results, as well as those obtained by the
POLARBEAR Collaboration in Ref. [44], demonstrate that
one can extract competitive information about PMFs
even from the existing B-mode measurements. Future
CMB experiments, in addition to significantly improving
the measurement of the B-mode spectrum at high l, will
eventually provide reliable data on scales relevant for the
inflationary tensor mode. Such data will help to constrain
the passive tensor PMF mode and, thus, the time of the
generation of the PMF. Future CMB experiments will also
constrain the parity-odd TB and EB correlations, leading to
meaningful bounds on the helical component of the PMF,
which has been neglected in the present work. They will also
tightly constrain the mode-coupling correlations induced by
the Faraday rotation of CMB polarizations. The Faraday
rotation angle is linear in B1 Mpc, while CMB anisotropies
scale as a square of the PMF strength (so that the CMB
spectra scale as B41 Mpc), and, with the improved sensitivity
and resolution of upcoming experiments, can reduce the
upper bound on B1 Mpc by an order of magnitude [72–74].
The pioneering work by the POLARBEAR [75], BICEP/
Keck [76,77] and SPT [45] collaborations has ushered
cosmology into the era of precision B-mode science. In
addition to searching for signatures of inflationary gravi-
tational waves and primordial magnetic fields, B-modes
will be used to probe the neutrino masses [78], modifica-
tions of gravity [79,80], cosmic (super)strings [81–83] and
other fundamental physics [84].
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APPENDIX A: CORRELATION FUNCTIONS OF
THE MAGNETIC ENERGY-MOMENTUM
TENSOR
The Fourier transform of TiBj in Eq. (1) is given by
TiBjðkÞ ¼
1
4πa4ð2πÞ3
×
Z
d3q

1
2
δijBlðqÞBlðk − qÞ
− BiðkÞBjðk − qÞ

: ðA1Þ
Using the previous equation, the magnetic perturbationsΔB
and ΠiBj are given by
ΔBðkÞ ¼
1
3pγ
TiBi ¼
1
8πρ0γð2πÞ3
Z
d3qBlðqÞBlðk − qÞ;
ðA2Þ
ΠiBjðkÞ ¼
1
pγ

TiBj −
1
3
δijT
n
Bn

¼ 3
4πρ0γð2πÞ3
Z
d3q

1
3
δijBlðqÞBlðk − qÞ
− BiðqÞBjðk − qÞ

: ðA3Þ
The scalar, vector and tensor components of ΠiBj are
obtained by the scalar products ΠijBQ
ð0;1;2Þ
ij , and are
respectively
Πð0ÞB ðkÞ ¼
3
2
Qð0Þij ðkÞΠijBðkÞ ¼ −
3
2
3
4πρ0γð2πÞ3
×
Z
d3q

1
3
BlðqÞBlðk − qÞ
− kˆiBiðqÞkˆjBjðk − qÞ

; ðA4Þ
Πð1ÞB ðkÞ ¼ 2Qð∓1Þij ðkÞΠijBðkÞ
¼ − 3i
4πρ0γð2πÞ3
Z
d3q½kˆiBiðqÞeð∓Þj Bjðk − qÞ
þ kˆiBiðk − qÞeð∓Þj BjðqÞ; ðA5Þ
Πð2ÞB ðkÞ ¼
2
3
Qð∓2Þij ðkÞΠijBðkÞ ¼ −
ﬃﬃﬃ
2
3
r
3
4πρ0γð2πÞ3
×
Z
d3qeð∓Þi BiðqÞeð∓Þj Bjðk − qÞ: ðA6Þ
We then use the equations above to compute the correlation
functions of the magnetic perturbations. We define
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β ¼ kˆ · dðk − qÞ, γ ¼ kˆ · qˆ and μ ¼ qˆ · dðk − qÞ. In the
scalar sector we have three correlation functions,
hΔBðkÞΔBðk0Þi ¼
δð3Þðk − k0Þ
32π2ðρ0γÞ2
×
Z
d3qð1þ μ2ÞPBðqÞPBðjk − qjÞ;
ðA7Þ
hΔBðkÞΠð0ÞB ðk0Þi
¼ 3δ
ð3Þðk − k0Þ
16π2ðρ0γÞ2
Z
d3qPBðqÞPBðjk − qjÞ
×

1 −
1
2
μ2 −
3
2
ðβ2 þ γ2Þ þ 3
2
μγβ

; ðA8Þ
hΠð0ÞB ðkÞΠð0ÞB ðk0Þi
¼ 9δ
ð3Þðk − k0Þ
8π2ðρ0γÞ2
Z
d3qPBðqÞPBðjk − qjÞ
×

1þ 1
4
μ2 −
3
4
ðγ2 þ β2Þ − 3
2
μγβ þ 9
4
γ2β2

: ðA9Þ
The vector two-point correlation function is
hΠð1ÞB ðkÞΠð1ÞB ðk0Þi
¼ hΠðþ1ÞB ðkÞΠðþ1ÞB ðk0Þ þ Πð−1ÞB ðkÞΠð−1ÞB ðk0Þi
¼ 9δ
ð3Þðk − k0Þ
4π2ðρ0γÞ2
Z
d3qPBðqÞPBðjk − qjÞ
× ½1 − 2γ2β2 þ γβμ; ðA10Þ
and, finally, the tensor two-point correlation function is
hΠð2ÞB ðkÞΠð2ÞB ðk0Þi
¼hΠðþ2ÞB ðkÞΠðþ2ÞB ðk0ÞþΠð−2ÞB ðkÞΠð−2ÞB ðk0Þi
¼3δ
ð3Þðk−k0Þ
8π2ðρ0γÞ2
Z
d3qPBðqÞPBðjk−qjÞð1þβ2Þð1þγ2Þ:
ðA11Þ
APPENDIX B: ASTROPHYSICAL RESIDUALS
The Planck and SPT likelihoods account for contribu-
tions of astrophysical foregrounds to CMB polarization.
They are quantified in terms of the parameters APS100,
APS143, APS143×217, APS217 for Planck, and Adust, APS90,
APS90×150, APS150 for SPT. In Figs. 8 and 9 we show the 68%
and 95% C.L. contours of PDFs of the Planck and SPT
astrophysical residuals and the magnetic amplitude B1 Mpc.
These plots show the impact of the foregrounds on diluting
the constraints on the PMF, and how a better understanding
of the foregrounds can significantly improve the bound on
B1 Mpc. One can also see from Fig. 9 that adding the SPT
data significantly reduces the degeneracy between B1 Mpc
and Planck’s astrophysical residuals.
FIG. 8. The 68% (dark shading) and the 95% (light shading)
C.L. contours of the joint probabilities for the astrophysical
residuals of the Planck likelihood and the PMF amplitude B1 Mpc.
Adding the SPT B-mode data reduces the degeneracy between
the two parameters.
FIG. 9. The 68% (dark shading) and the 95% (light shading)
C.L. contours of the joint probabilities for the astrophysical
residuals of the SPT likelihood and B1 Mpc.
ALEX ZUCCA, YUN LI, and LEVON POGOSIAN PHYSICAL REVIEW D 95, 063506 (2017)
063506-10
[1] L. M. Widrow, Rev. Mod. Phys. 74, 775 (2002).
[2] A. Neronov and I. Vovk, Science 328, 73 (2010).
[3] H. Tashiro, W. Chen, F. Ferrer, and T. Vachaspati, Mon. Not.
R. Astron. Soc. 445, L41 (2014).
[4] R. M. Athreya, V. K. Kapahi, P. J. McCarthy, and W. van
Breugel, Astron. Astrophys. 329, 809 (1998).
[5] L. M.Widrow, D. Ryu, D. R. G. Schleicher, K. Subramanian,
C. G. Tsagas, and R. A. Treumann, Space Sci. Rev. 166, 37
(2012).
[6] Z. Berezhiani and A. D. Dolgov, Astropart. Phys. 21, 59
(2004).
[7] N. Y. Gnedin, A. Ferrara, and E. G. Zweibel, Astrophys. J.
539, 505 (2000).
[8] L. Biermann, Zeitschrift für Naturforschung A 5, 65 (1950).
[9] M. Langer, N. Aghanim, and J. L. Puget, Astron. Astrophys.
443, 367 (2005).
[10] M. Ando, K. Doi, and H. Susa, Astrophys. J. 716, 1566
(2010).
[11] J. B. Durrive and M. Langer, Mon. Not. R. Astron. Soc. 453,
345 (2015).
[12] K. Doi and H. Susa, Astrophys. J. 741, 93 (2011).
[13] M. S. Turner and L. M. Widrow, Phys. Rev. D 37, 2743
(1988).
[14] B. Ratra, Astrophys. J. 391, L1 (1992).
[15] A. Diaz-Gil, J. Garcia-Bellido, M. Garcia Perez, and A.
Gonzalez-Arroyo, Phys. Rev. Lett. 100, 241301 (2008).
[16] A. Diaz-Gil, J. Garcia-Bellido, M. Garcia Perez, and A.
Gonzalez-Arroyo, J. High Energy Phys. 07 (2008) 043.
[17] T. Vachaspati, Phys. Lett. B 265, 258 (1991).
[18] R. Durrer and A. Neronov, Astron. Astrophys. Rev. 21, 62
(2013).
[19] A. Mack, T. Kahniashvili, and A. Kosowsky, Phys. Rev. D
65, 123004 (2002).
[20] A. Lewis, Phys. Rev. D 70, 043011 (2004).
[21] F. Finelli, F. Paci, and D. Paoletti, Phys. Rev. D 78, 023510
(2008).
[22] D. Paoletti, F. Finelli, and F. Paci, Mon. Not. R. Astron. Soc.
396, 523 (2009).
[23] R. Shaw and A. Lewis, Phys. Rev. D 81, 043517 (2010).
[24] K. Subramanian and J. D. Barrow, Phys. Rev. D 58, 083502
(1998).
[25] K. Subramanian and J. D. Barrow, Phys. Rev. Lett. 81, 3575
(1998).
[26] T. R. Seshadri and K. Subramanian, Phys. Rev. Lett. 87,
101301 (2001).
[27] K. Subramanian and J. D. Barrow, Mon. Not. R. Astron.
Soc. 335, L57 (2002).
[28] K. Subramanian, T. R. Seshadri, and J. D. Barrow, Mon.
Not. R. Astron. Soc. 344, L31 (2003).
[29] K. Jedamzik and T. Abel, J. Cosmol. Astropart. Phys. 10
(2013) 050.
[30] K. E. Kunze and E. Komatsu, J. Cosmol. Astropart. Phys. 06
(2015) 027.
[31] J. Chluba, D. Paoletti, F. Finelli, and J. A. Rubio-Martn,
Mon. Not. R. Astron. Soc. 451, 2244 (2015).
[32] A. Kosowsky and A. Loeb, Astrophys. J. 469, 1 (1996).
[33] A. Kosowsky, T. Kahniashvili, G. Lavrelashvili, and B.
Ratra, Phys. Rev. D 71, 043006 (2005).
[34] L. Pogosian, A. P. S. Yadav, Y. F. Ng, and T. Vachaspati,
Phys. Rev. D 84, 043530 (2011); 84, 089903(E) (2011).
[35] K. E. Kunze and E. Komatsu, J. Cosmol. Astropart. Phys. 01
(2014) 009.
[36] K. Jedamzik, V. Katalinic, and A. V. Olinto, Phys. Rev. D
57, 3264 (1998).
[37] R. Durrer and C. Caprini, J. Cosmol. Astropart. Phys. 11
(2003) 010.
[38] K. Jedamzik and G. Sigl, Phys. Rev. D 83, 103005
(2011).
[39] R. Adam et al. (Planck Collaboration), Astron. Astrophys.
594, A1 (2016).
[40] P. A. R. Ade et al. (Planck Collaboration), Astron. As-
trophys. 594, A19 (2016).
[41] D. Paoletti and F. Finelli, Phys. Lett. B 726, 45 (2013).
[42] D. Larson et al., Astrophys. J. Suppl. Ser. 192, 16 (2011).
[43] R. Keisler et al., Astrophys. J. 743, 28 (2011).
[44] P. A. R. Ade et al. (POLARBEAR Collaboration), Phys.
Rev. D 92, 123509 (2015).
[45] R. Keisler et al. (SPT Collaboration), Astrophys. J. 807, 151
(2015).
[46] K. Subramanian, Rep. Prog. Phys. 79, 076901 (2016).
[47] J. D. Barrow, P. G. Ferreira, and J. Silk, Phys. Rev. Lett. 78,
3610 (1997).
[48] J. D. Barrow, Phys. Rev. D 55, 7451 (1997).
[49] H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl. 78, 1
(1984).
[50] W. Hu and M. J. White, Phys. Rev. D 56, 596 (1997).
[51] T. Kahniashvili and B. Ratra, Phys. Rev. D 71, 103006
(2005).
[52] K. E. Kunze, Phys. Rev. D 85, 083004 (2012).
[53] M. Ballardini, F. Finelli, and D. Paoletti, J. Cosmol.
Astropart. Phys. 10 (2015) 031.
[54] M. Giovannini, Phys. Rev. D 70, 123507 (2004).
[55] M. Giovannini, Phys. Rev. D 74, 063002 (2006).
[56] C. Bonvin, C. Caprini, and R. Durrer, Phys. Rev. D 88,
083515 (2013).
[57] D. Paoletti and F. Finelli, Phys. Rev. D 83, 123533
(2011).
[58] A. Lewis, A. Challinor, and A. Lasenby, Astrophys. J. 538,
473 (2000).
[59] Y. Li, A. Zucca, and L. Pogosian (to be published).
[60] A. Lewis and S. Bridle, Phys. Rev. D 66, 103511 (2002).
[61] N. Aghanim et al. (Planck Collaboration), Astron.
Astrophys. 594, A11 (2016).
[62] P. A. R. Ade et al. (BICEP2 and Planck Collaborations),
Phys. Rev. Lett. 114, 101301 (2015).
[63] The SPT likelihood code is available at http://pole.uchicago
.edu/public/data/keisler15/.
[64] R. Adam et al. (Planck Collaboration), Astron. Astrophys.
586, A133 (2016).
[65] K. E. Kunze, Phys. Rev. D 87, 103005 (2013).
[66] T. Kahniashvili, A. G. Tevzadze, and B. Ratra, Astrophys. J.
726, 78 (2011).
[67] T. Kahniashvili, A. G. Tevzadze, S. K. Sethi, K. Pandey, and
B. Ratra, Phys. Rev. D 82, 083005 (2010).
[68] P. J. Kernan, G. D. Starkman, and T. Vachaspati, Phys. Rev.
D 54, 7207 (1996).
[69] D. Grasso and H. R. Rubinstein, Phys. Lett. B 379, 73
(1996).
[70] B. l. Cheng, A. V. Olinto, D. N. Schramm, and J. W. Truran,
Phys. Rev. D 54, 4714 (1996).
CONSTRAINTS ON PRIMORDIAL MAGNETIC FIELDS … PHYSICAL REVIEW D 95, 063506 (2017)
063506-11
[71] D. G. Yamazaki and M. Kusakabe, Phys. Rev. D 86, 123006
(2012).
[72] A. Yadav, L. Pogosian, and T. Vachaspati, Phys. Rev. D 86,
123009 (2012).
[73] S. De, L. Pogosian, and T. Vachaspati, Phys. Rev. D 88,
063527 (2013).
[74] L. Pogosian, Mon. Not. R. Astron. Soc. 438, 2508 (2014).
[75] P. A. R. Ade et al. (POLARBEAR Collaboration),
Astrophys. J. 794, 171 (2014).
[76] P. A. R. Ade et al. (BICEP2 Collaboration), Phys. Rev. Lett.
112, 241101 (2014).
[77] P. A. R. Ade et al. (BICEP2 and Keck Array Collabora-
tions), Phys. Rev. Lett. 116, 031302 (2016).
[78] K. N. Abazajian et al., Astropart. Phys. 63, 66 (2015).
[79] L. Amendola, G. Ballesteros, and V. Pettorino, Phys. Rev. D
90, 043009 (2014).
[80] M. Raveri, C. Baccigalupi, A. Silvestri, and S. Y. Zhou,
Phys. Rev. D 91, 061501 (2015).
[81] A. Avgoustidis, E. J. Copeland, A. Moss, L. Pogosian, A.
Pourtsidou, and D. A. Steer, Phys. Rev. Lett. 107, 121301
(2011).
[82] A. Moss and L. Pogosian, Phys. Rev. Lett. 112, 171302
(2014).
[83] J. Lizarraga, J. Urrestilla, D. Daverio, M. Hindmarsh, and
M. Kunz, J. Cosmol. Astropart. Phys. 10 (2016) 042.
[84] K. N. Abazajian et al., arXiv:1610.02743.
[85] http://www.westgrid.ca.
[86] http://www.computecanada.ca.
ALEX ZUCCA, YUN LI, and LEVON POGOSIAN PHYSICAL REVIEW D 95, 063506 (2017)
063506-12
